The classical, electrodynamic denition of the ampere is incoherent with quantum electrodynamics. The problem, although insignicant at the macroscopic scale, manifests clearly at the nanostructure level, where the consistently quantum approach is necessary. In this paper, we consider the Casimir eect to quantify inconsistencies that could have resulted if electric metrology of microstructures and nanostructures (including graphene) had been based on classical electrodynamics and the current SI denition of the ampere. The issue is discussed in the context of the New SI program, where the base electric unit is to be redened by xing the numerical value of the elementary charge. The conclusion supports the case for a prompt redenition of the base electric unit, which will make the electric metrology in general, and the electric metrology of nanostructures in particular, coherent with the international system of units.
Introduction
Current denitions of the SI base units reect diverse points of view on how the base units ought to be dened; those views evolved considerably after the Metric Convention had been signed. The base unit of mass is still dened as the mass of the primary artefact (the International Prototype of the Kilogram); the kelvin is dened in terms of a physical property of bulk matter (the triple point of water); the second is dened according to Maxwell's concept of atomic standards (the caesium clock); the denition of the candela has evolved from the established equations of science (the black body radiation law); and the metre is dened by xing the numerical value of a fundamental physical constant (the speed of light in vacuum, c) [1] . A variety of visions is a much celebrated value in humanities, but the diversity in primary denitions that establish the international system of units does not contribute to the coherence of the SI; this will change once the New SI is instituted, where all base units are dened in a uniform way, by xing numerical values of physical constants [2] .
The current denition of the ampere reads: The ampere is that constant current which, if maintained in two straight parallel conductors of innite length, of negligible circular cross-section, and placed 1 metre apart in vacuum, would produce between these conductors a force equal to 2×10 −7 newton per metre of length [1] . Even in this single denition, one can recognize three dierent elements, characteristic of various methods of dening the SI units: (1) The electrodynamic denition of the ampere * e-mail: chylawt@wp.pl is based on established equations of science (Maxwell's equations); (2) it implicitly † xes the numerical value of the magnetic constant µ 0 , which can be viewed as a precursor of the 1983 denition of the metre and a paradigm for the New SI concept; (3) the denition explicitly states the primary method of realization of the unit, which predetermines the mise en pratique of the ampere. If validity of any of the three elements is put into doubt, the whole denition can be questioned.
The above denition of the base electric unit had been worked out in the mid 1940's [3] and it was adopted by the 9th CGPM in 1948 [4] . The denition implicitly assumes that classical electrodynamics is perfectly 
which showed that validity of Maxwell's equations is restricted to macroscopic situations, where the electromagnetic eld does not manifest its quantum nature. Accordingly, the current denition of the ampere, which is based on the classical theory of the electromagnetic eld, is suitable for macroscopic systems, but it is inadequate in the case of nanoscopic systems, where quantization of the electromagnetic eld enters the picture.
Modern electric metrology works well because it has partly circumvented the problem of the discord between the classical denition of the ampere and the QED by switching to the primary quantum standards of voltage (based on the Josephson eect) and resistance (based on the quantum Hall eect), which are fully consistent with modern quantum physics [6] ; however, the classical denition of the base electric unit remained unchanged. The move has been endorsed by the 19th CGPM in 1991 [7] , but the price for it is the SI-incompatibility of electric measurements traceable to these two primary quantum standards. The New SI redenition of the base electric unit will remove the current dichotomy in electric units traceable to the SI ampere or to the primary quantum standards, and this is a priority for electric metrology, subjectively equally important and even more urgent than the redenition of the SI kilogram ¶ .
Another, related reason for a prompt redenition of the base electric unit, which is taken up in this paper, is the emergence of a new eld of electric metrology, i.e. metrology of nanostructures, which preferably should be consistent with the international system of units from the very beginning. Electric measurements in the micro/nano scale might give signicantly dierent results, where the raw measurement data (e.g. displacements in miniaturized micro-electromechanical system (MEMS) or nano-electromechanical system (NEMS) devices [8] ) are interpreted with the use of the classical approximation or in the QED regime; the rule of thumb is that the differences increase where the size of the considered system decreases.
The SI denition of the ampere, based on Maxwell's equations, implies the possibility of current-scaling and size-scaling in primary realizations of the base electric unit, where maintaining of exactly 1 A currents in paryet, because metrology has not formally entered the high-energy domain so far. However, it is only a matter of time when the international metric system of units covers also the high-energy domain and the SI base units for the weak and the strong interactions will have to be designed [5] .
Although the proposed version of the New SI keeps the ampere as the base electric unit [2] , there are strong physical and logical arguments for choosing the coulomb as the base unit. ¶ However, redenition of the kilogram by xing the numerical value of the Planck constant h is a precondition for fully coherent incorporation of the quantum standards of voltage and resistance into the structure of the international system of units, because the Josephson constant and the von Klitzing constant involve both the elementary charge e and the Planck constant h. The Problem of Scale in Electric Metrology of Nanostructures . . . given to reviews and original works on the subject.
Phenomenological intuition
In the classical approximation, the physical vacuum is just an empty space. In the quantum approach, the physical vacuum hosts short-lived virtual particles, whose (1) shifts the quasi-stationary eigenstates in the quantum well and the corresponding spectral lines [9] ; (2) shifts the current resonances in the nanostructure [10] . Besides the analogy between the discrete carrier eigenstates and the discrete photon eigenstates in a thin layer, there are also important dierences: (1) charge carriers are fermions and therefore must obey the Pauli exclusion principle, whereas photons are bosons that are not subject to such a constraint; (2) since the interaction of charged carriers is much stronger than the interaction of virtual photons, the canonical quantum theory is sucient to handle the former case, whereas the Casimir eect is a subtle phenomenon that requires employment of more interaction of the two plates with the conned virtual photon eld is weaker than the interaction with vacuum 
Magnitude of the Casimir force
The magnitude of the Casimir force F (per unit surface * * ) of interaction between two at, parallel, uncharged, perfectly conducting plates, depends strongly on the size of the gap a between both plates [11] :
(1) Figure 1 shows the magnitude of the Casimir force (continuous line) as a function of the size of the gap, a. Since a and F can vary over many orders of magnitude, the logarithmic scale is used on both axes; the relationship F (a)
in the double logarithmic scale takes on the easy-to-read, linear form.
The size parameter a of the layered structure is measured in nanometres, ranging from a = 1 nm = 10 Å (log a = 0) to a = 10 6 nm = 1 mm (log a = 6). sophisticated methods (although the full-blown QED formalism is not necessary). * * Since the Casimir force is given per unit surface, it is actually the Casimir pressure, which is a more precise but rarely used term. 
Magnitude of the Casimir energy
The magnitude of the Casimir energy per unit surface, 
Lifetime of the Casimir-type vacuum uctuations
The characteristic lifetime ∆t of vacuum uctuations of energy ∆E = πhc/(1440a) in the volume a 
which is a measure of discrepancies one would encounter if measurements of the surface current density were (mis)interpreted by using classical electrodynamics and the SI denition of the ampere, in a structure that requires quantum treatment.
Needless to say that metrology is a pragmatic science, which resorts to quantum standards and quantum theory whenever it is necessary, even at the price of departing from the denitional orthodoxy and coherence with the SI system of units.
We can also compare the Casimir energy E with the classical energy of interaction between two planar, uniform surface current densities (see Eq. (A2)), thus obtaining the Casimir-equivalent, classical surface current density I E :
which also is a measure of discrepancies occurring if classical electrodynamics and the SI denition of the ampere were used in a situation where the QED enters the picture. As expected, the two quantities, I F and I E , have the same dependence on the characteristic dimensional parameter a and dier only by a numerical factor ≈ 1.7.
Thus, each of the two quantities can be used to gauge the price for using Maxwell's equations and the classical SI denition of the ampere in the quantum domain. Fig. 3 . The classical surface current density I in two parallel current-carrying plates, which results in the force of interaction or the energy of interaction equal to the Casimir force or the Casimir energy (IF continuous line or IE broken line, respectively), shown as a function of separation a between both plates. The horizontal broken line represents a typical surface current density in graphene, I0 = 1 µA/nm. The scale on both axes is logarithmic. The unit of I is µA/nm and the unit of a is nm.
The Casimir-equivalent, classical surface currents I F (a) and I E (a) are shown in Fig. 3 . Magnitudes of the currents depend strongly on the scale of the structure and range from I F = 4.5 × 10 −8 µA/nm and I E = 2.6 × 10 −8 µA/nm for a = 1 mm (log a = 6) to I F = 4.5 × 10 4 µA/nm and I E = 2.6 × 10 4 µA/nm for a = 1 nm (log a = 0). Let us note that the real (physical) current density in (monolayer) graphene can reach only ¶ ¶ one to a few µA/nm [44, 45] , and currents as high as ∼ 10 4 µA/nm would damage the sample: the Casimir-equivalent current is a symbolic measure of how far we are o the track, if the quantum structure is analysed in classical terms, and it is not surprising that the ¶ ¶ The current-carrying capacity of monolayer graphene, multilayer graphene, nanoribbons and nanotubes is 10 11 ÷ 10 13 A/m 2
[4244] (the quantity is restricted by the Joule heat dissipation ability and electromigration), which is a few orders of magnitude higher than that of copper in printed circuit boards (≈ 3 × 10 7 A/m 2 ).
Casimir-equivalent quantity might acquire values that exceed the physically realistic gures.
The ratio of the Casimir-equivalent current to the real (i.e. physical) surface current is a (relative) measure of discrepancy between the classical or quantum treatment of a given system: the smaller the ratio, the better for the classical approximation. In routine measurements, where the three-digit accuracy is sucient, the ratio ∼ 10 
The Casimir-equivalent classical surface charge density
We can also compare the Casimir force F with the classical electrostatic force of interaction F σ (see Eq. (A3)) between two uniform surface charge densities σ = Q/S, where Q is the magnitude of the electric charge on each of the surfaces S, separated by a distance a. Equating the two forces, we get the Casimir-equivalent, classical surface charge density σ F :
Having compared the Casimir energy E with the classical electrostatic energy of interaction E σ (see Eq. (A4)) between two uniform surface charge densities, we obtain the Casimir-equivalent, classical surface charge density σ E :
The two Casimir-equivalent surface charge densities, σ F and σ E , are shown in Fig. 4 as functions of a. The ratio of the Casimir-equivalent surface charge density to the real (i.e. physical) surface charge density in a double--layered structure is a (relative) measure of how signicant quantum eects are in the static case. The smaller the ratio, the classical approximation works better and the scaling problem is less important; large real charge densities on the plates make the ratio smaller.
A layered structure can acquire the static electric charge due to natural depletion of carriers (due to a lower density of states in a layered structure, as compared with the bulk material) or due to the external potential that provides or drains carriers from the structure; the static charge density is therefore related to the carrier density.
A typical carrier density in graphene at room temperatures is ∼ 10 
The Casimir-equivalent classical voltage
The Casimir force F or the Casimir energy E can be compared with the (classical) force F U (see Eq. (A5)) or the (classical) energy E U (see Eq. (A6)) of interaction between two parallel, at, conducting surfaces of potential dierence U . The comparisons yield the Casimir--equivalent, classical voltage U F :
respectively, each of which can be interpreted as a measure of the magnitude of quantum uctuations of voltage * * * The high charge-storage capability of graphene makes it a prospective material for construction of powerful capacitors. in [10] ) and because problems with heat dissipation could result in increased temperature of the device, which facilitates electromigration; we shall assume U 0 as a constant reference quantity, although the bias voltage may be much higher in larger structures. Figure 5 shows that if the classical denitions and notions were scaled down to 1 nm, it would have resulted in discrepancies as high as 1 order of magnitude; at a ∼ 10 µm the discrepancy would have dropped to 10 −3 , and at a ≈ 1 mm the divergence would have been ∼ 10 −5 .
The Casimir-equivalent classical electric eld
Having compared the Casimir force F or the Casimir energy E with the classical force F E (see Eq. (A7)) or the classical energy E E (see Eq. (A8)) of interaction between two parallel, at, uniformly charged surfaces, one obtains the magnitude of the Casimir-equivalent, classical electric eld E:
and
respectively. Since the time averaged value of quantum uctuations of the electric eld E is zero, the Casimir--equivalent eld |E| should be understood as an estimate of the RMS value of the uctuating eld. The magnitude of the Casimir-equivalent electric eld is shown in Fig. 6 . where the situation has to be evaluated individually, depending on a particular device, the quantity to be measured and the required accuracy.
Discussion and conclusion
Maxwell's equations give a closed expression for the force of interaction between two straight, parallel wires of innite length, separated by a distance L in vacuum, which carry direct currents. If magnitudes of both currents are equal to I, the force F exerted on a unit length of the wire is
This expression is the basis for the 1948 denition of the ampere, which formally still stays in force: having assumed a certain value of the magnetic constant (permeability), µ 0 = 4π × 10 By xing the value of a physical constant, we impose a constraint that determines one unknown, which in this particular case is the value of a unit; this new approach does not require making a prior commitment as to the kind of a relationship (i.e. the kind of a phenomenon ‡ ‡ ‡ or a physical law that is employed in the mise en pratique of the unit), which links the physical constant with the primary realization of the unit.
The choice of a physical constant that is employed to dene a base unit is usually not unique. In the case of the base electric unit, one might dene the ampere by explicitly xing the value of the magnetic constant µ 0 , the electric constant ε 0 , the traditional expression for the electromagnetic coupling constant k E = 1/(4πε 0 ), the ne structure constant α, or the elementary charge e [5] . The New SI ampere will be dened in terms of the elementary charge, because the xed value of e (together with the Planck constant h, xed in the New SI denition to the professional measurement community, but also to other SI users and to the general public, i.e. taxpayers ‡ ‡ ‡ The notable exceptions are the second (associated with a specic hyperne transition spectral line) and the candela (associated with the black-body radiation law), which are not going to be redened in the New SI; instead, denitions of these units will be
rephrased.
who will foot the bill for the upcoming changes in the international system of units. The annual World Metrology Day could provide an eective forum to publicize the idea of the New SI.
Appendix: Interaction between surface currents or surface charges in classical electrodynamics
Consider two at, parallel, conducting plates, separated by a distance a. Let each of the plates carry the same uniform surface current density I. The force of interaction F I between the two currents is
